Non-Compact Calabi-Yau Spaces and Other Non-Trivial Backgrounds for 4-D
  Superstrings by Kiritsis, E. et al.
ar
X
iv
:h
ep
-th
/9
31
21
43
v1
  1
6 
D
ec
 1
99
3
CERN-TH.7121/93
HUB-IEP-93/8
LPTENS 93/51
hep-th/9312143
Non-compact Calabi-Yau Spaces and other Non-Trivial
Backgrounds for Four-dimensional Superstrings
E. Kiritsis, C. Kounnas∗
CERN, Geneva, SWITZERLAND
and
D. Lu¨st
Humboldt Universita¨t zu Berlin
Fachbereich Physik
D-10099 Berlin, GERMANY
ABSTRACT
A large class of new 4-D superstring vacua with non-trivial/singular geome-
tries, spacetime supersymmetry and other background fields (axion, dilaton)
are found. Killing symmetries are generic and are associated with non-trivial
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metrics for non-compact 4-D Calabi-Yau manifolds with Killing symmetries.
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1 Introduction
Ricci-flat Ka¨hler spaces [1], so-called Calabi-Yau spaces, provide consistent backgrounds
[2] for the propagation of superstrings or heterotic strings. These backgrounds lead to
target space suprsymmetry and, consequently, the perturbative vacuum is guaranteed
to be stable. Moreover, during recent years many of the Calabi-Yau backgrounds were
shown to correspond to exact N = 2 superconformal field theories [3]. In the past the
discussion mainly concentrated on flat four-dimensional Minkowski space-time tensored
with a six-dimensional internal compact Ka¨hler space without torsion and with con-
stant dilaton field. We would like however, to construct supersymmetric string vacua
with, in addition to the metric background, more general (non-constant) background
fields. Moreover, to address certain important questions in quantum gravity one has to
consider string backgrounds which describe four-dimensional curved and non-compact
space-times. In particular, one is interested to construct exact superconformal field
theories which correspond to four-dimensional black-hole backgounds, cosmological or
supersymmetric instanton type of solutions.
In this contribution we will report about a relatively systematic discussion [4] on
supersymmetric string backgrounds with N = 2 or N = 4 superconformal symmetry,
based on compact as well as non-compact spaces plus non-trivial antisymmetric tensor-
field and non-constant dilaton. Thus, we will extend in a more systematic way the exact
N=4 solution constructed recently, [5, 6]. In contrast to the compact Calabi-Yau spaces,
almost all backgrounds with non-trivial dilaton field will possess Killing symmetries.
Many such backgrounds exhibit singularities on some hypersurface in spacetime and can
be regarded as a higher dimensional generalization of the two-dimensional black-hole
considered in [7].
A key to the proper understanding of string propagation on curved spaces is pro-
vided by duality symmetries present in curved backgrounds [8, 9, 10, 11, 12]. Dual-
ity symmetries relate different backgrounds which nevertheless correspond to the same
(super)conformal field theory. The duality symmetries become manifest after a rear-
rangement in the Hilbert-space of the superconformal field theory and mean that stringy
probes, when excited in different modes, see different geometries or topologies. There-
fore, the concept of geometry or topology is not well defined in string theory. For the
case of compact (Calabi-Yau) backgrounds, several very intruiging examples of stringy
duality equivalences were found. The simplest example of duality symmetries is the
R→ 1/R transformation for toroidal type of backgrounds [13] where R is the character-
istic length scale of the compact space. Here the duality symmetry originates from the
exchange of internal momentum and winding modes. A second, very interesting example
where duality plays a central role is mirror symmetry for a general class of Calabi-Yau
compactifications [14]. Mirror symmetry exchanges compact spaces of different topology
but the same string physics. Duality symmetries also persist in several non-compact
backgrounds, where momentum states are exchanged by oscillator type of excitations
[9]. We expect that for non-compact spaces, the existence of the duality symmetries will
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radically modify our understanding of space-time at least in regions of very strong cur-
vature. In this contribution we will embark into finding four-dimensional backgrounds
for superstring propagation. We will demand that the worldsheet theory has at least
N=2 superconformal invariance in order to hope for spacetime supersymmetry (due to
the presence of spectral flow which will pair the bosonic and fermionic spectrum). We
will then analyze the one-loop β-function equations and find many interesting solutions
(duality will be one of our tools). Among other things we will see that some interesting
non-Ka¨hlerian N = 4 solutions, which describe four-dimensional axionic instantons, are
dual-equivalent to four-dimensional, non-compact Ricci-flat Ka¨hler spaces.
2 The N = 2 (N = 4) Background and U(1) Duality
Transformations
The most general N = 2 superspace action [15] for m chiral superfields Ui (i = 1, . . . , m)
and n twisted chiral superfields Vp (p = 1, . . . , n) in two dimensions is determined by
a single real function K(Ui, U¯i, Vp, V¯p) (which we will henceforth call the quasi-Ka¨hler
potential):
S =
1
2πα′
∫
d2xD+D−D¯+D¯−K(Ui, U¯i, Vp, V¯p). (2.1)
The fields Ui and Vp obey a chiral or twisted chiral constraint
D¯±Ui = 0, D¯+Vp = D−Vp = 0. (2.2)
The action (2.1) is invariant, up to total derivatives, under quasi-Ka¨hler gauge transfor-
mations
K → K + f(Ui, Vp) + g(Ui, V¯p) + f¯(U¯i, V¯p) + g¯(U¯i, Vp). (2.3)
To see the background interpretation of the theory it is convenient to write down the
purely bosonic part of the superspace action (2.1):
S = −
1
2πα′
∫
d2x[Kuiu¯j∂
aui∂au¯j −Kvpv¯q∂
avp∂av¯q
+ ǫab(Kuiv¯p∂aui∂bv¯p +Kvpu¯i∂avp∂bu¯i)],
(2.4)
where Kuiu¯j =
∂2K
∂Ui∂U¯j
, etc. Here ui is the lowest component of the superfield Ui and so on.
Thus, one recognizes that the first two terms in above equation describe the in general
non-Ka¨hlerian metric background of the model (the metric is Ka¨hler only when m = 0
or n = 0). The ǫab-term in (2.4) provides the antisymmetric tensor field background.
It follows that the field strength Hµνλ = ∂µBνλ+∂νBλµ+∂λBµν can also be expressed
entirely in terms of the function K: Huiu¯jvp =
∂3K
∂Ui∂U¯j∂Vp
, etc.
Of course, in order that these backgrounds provide consistent string solutions, they
have to satisfy the string equation of motion, i.e. the vanishing of the β-function equations
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[16]. Including also the dilaton background Φ(ui, vp), we obtain the following equations
of motion for the background fields,
0 = βGµν = Rµν −
1
4
Hλσµ Hνλσ + 2∇µ∇νΦ+O(α
′)
0 = βBµν = ∇λH
λ
µν − 2(∇λΦ)H
λ
µν +O(α
′).
(2.5)
These equations will lead to some differential equations for the two functions K and Φ as
we will discuss in the following. Moreover, the central charge deficit δc of the background
is determined by the β-function of the dilaton field as
δc ≡ c−
3D
2
=
3
2
α′[4(∇Φ)2 − 4∇2Φ−R +
1
12
H2] +O(α′2). (2.6)
We must emphasize here that in the presence of N=4 superconformal symmetry the
solution to the lowest order in α′ is exact to all orders in a specific scheme, and δc
remains zero to all orders [17].
We consider without loss of generality the simplest case of a single U(1) isometry
(compatible with complex structure) by assuming that the potential K has one Killing
symmetry, R = Z + Z¯:
K = K(Z + Z¯, Yi, Y¯i, Vp, V¯p) (2.7)
where Z and Yi are chiral fields, whereas Vp are twisted chiral fields. (Of course the
discussion holds in the same way if Z is a twisted chiral field.) In [10, 15] a duality trans-
formation was described in which twisted superfields are interchanged with untwisted
ones. Concretely, consider the ‘dual’ potential
K˜(R, Yi, Y¯i, Vp, V¯p,Ψ+ Ψ¯) = K(Z + Z¯, Yi, Y¯i, Vp, V¯p)− R(Ψ + Ψ¯), (2.8)
where Z is a chiral field and Ψ a twisted chiral field. Varying the action with respect to
Ψ gives back the original theory. On the other hand one can equally well consider the
constraint coming from the variation with respect to Z, [10]
δS
δZ
= 0 →
∂K
∂r
− (ψ + ψ¯) = 0, (2.9)
and the dual theory is obtained as a Legendre transform of K. Now the independent
variable are ψ, yi and vp. It follows that the dual metric has the following form:
G˜µν =


0 −K˜ψψ¯ 0 0 0 −K˜ψv¯q
−K˜ψψ¯ 0 0 0 −K˜vpψ¯ 0
0 0 0 K˜yiy¯j 0 0
0 0 K˜yiy¯j 0 0 0
0 −K˜vpψ¯ 0 0 0 −K˜vpv¯q
−K˜ψv¯q 0 0 0 −K˜vpv¯q 0


. (2.10)
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Similarly, the dual antisymmetric tensor field is obtained as
Bµν =


0 0 0 K˜ψy¯i 0 0
0 0 K˜yiψ¯ 0 0 0
0 −K˜yiψ¯ 0 0 0 K˜yiv¯p
−K˜ψy¯i 0 0 0 K˜vpy¯i 0
0 0 0 −K˜vpy¯i 0 0
0 0 −K˜yiv¯p 0 0 0


. (2.11)
Moreover, the dual dilaton field has the form
2Φ˜ = 2Φ− log 2Krr. (2.12)
It can be shown [10, 4] that this N=2 duality transformation via Legendre transform is
the same as the usual abelian duality transformation [8].
3 Ka¨hler Spaces without Torsion and their Duals
It is already well known that if the torsion vanishes and there is no dilaton field the
condition that a σ-model has N=2 supersymmetry is that the target space is Ka¨hler,
[1]. Thus, for the time being, we start with a Ka¨hler manifold specified (locally) by its
Ka¨hler potential K(ui, u¯i) and a dilaton field Φ. The metric is given in terms of the
Ka¨hler potential by the standard formula
Gij = Gi¯j¯ = 0 , Gij¯ = Kuiu¯j (3.1)
It is obvious that the metric is invariant under the so called Ka¨hler transformations of
the potential
K(ui, u¯i)→ K(ui, u¯i) + Λ(ui) + Λ¯(u¯i) (3.2)
Then the Ricci-tensor takes its well-known form
Ruiu¯j = −∂ui∂u¯jU , Ruiuj = Ru¯iu¯j = 0 (3.3)
with U = log detKuiu¯j =
1
2
log detG.
The only condition for conformal invariance is βGµν = 0 which here implies
Φ =
1
2
U + f(ui) + f¯(u¯i), (3.4)
and
∇ui∂ujΦ = ∇u¯i∂u¯jΦ = 0. (3.5)
where f is an arbitrary holomorphic function. In addition we get
δc =
3
2
α′Kuiu¯j(8∂uiΦ∂u¯jΦ− 4∂ui∂u¯jΦ). (3.6)
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If one demands for enlarged N = 4 world-sheet supersymmetry, this implies that the
Ka¨hlerian space has to be hyper-Ka¨hler. If the theory is also positive, then δc = 0 from
CFT arguments. In such a case the Riemann tensor is self-dual and therefore the space
is Ricci-flat. Ricci flatness and δc = 0 implies constant dilaton. However, we note that
the hyper-Ka¨hler condition is not the only way to obtain δc = 0; in fact we will provide
N = 4 examples which are non-Ricci-flat and have non-constant dilaton field. These
examples will be presented later.
As described in [4] it is not difficult to show that the vanishing of the holomorphic
double derivative on the dilaton implies, for non-trivial dilaton, that there is a generic
Killing symmetry in the Ka¨hler metric as well as in the dilaton. Then, in a special
coordinate system the compatibility of the equations (3.4) and (3.5) along with our
freedom to perform Ka¨hler transformations implies that
K = K(z + z¯, yi, y¯i) , Φ = ∂zK = ∂z¯K (3.7)
and
Φ =
1
2
U + C(z + z¯) (3.8)
where C is any real number. We can take (3.7) as the equation specifying the dilaton
in terms of the metric and then (3.8) becomes a non-linear differential equation for the
Ka¨hler potential
det[Kuiu¯j ] = exp[−2C(z + z¯) +Kz +Kz¯] (3.9)
generalizing the CY condition.
In the same coordinate system we can also compute the central charge deficit:
δc = 12α′C. (3.10)
Let us consider a special class of solutions which can be regarded as the generalization
of the two-dimensional black hole backgrounds found in [7]. Specifically, assume that the
model has a U(N) isometry, i.e.
K = K(x), Φ = Φ(x) x =
N∑
i=1
|ui|
2. (3.11)
The general form of the metric is then
Kuiu¯j = K
′δij +K
′′u¯iuj , K
′ =
∂K
∂x
. (3.12)
For N > 1, the linear term in the dilaton, eq. (3.8), is not allowed by the U(N) isometry
and the dilaton field becomes
Φ =
1
2
U =
1
2
log[(K ′)N−1(K ′ + xK ′′)]. (3.13)
Let us define the following function:
Y (x) = xK ′(x). (3.14)
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Now we have to insert the ansatz eqs. (3.12, 3.13) into the field equation (3.5), and the
solution of this equation takes the following form:
eY
N−1∑
m=0
(−1)mY m
m!
= A +BxN . (3.15)
Here A and B are arbitrary parameters. From this we immediately obtain
Y ′ = BN !(−1)N−1e−Y Y 1−NxN−1. (3.16)
Then the dilaton, eq. (3.13), can be also expressed entirely of Y as
Φ =
1
2
U = −
1
2
Y + const. (3.17)
The Ricci tensor becomes
Ruiu¯j = −∂ui∂u¯jU = Y
′δij + Y ′′u¯iuj. (3.18)
The scalar curvature can be computed to be
R = 2(N − xY ′) = 2(N − f(Y )). (3.19)
with
f(Y ) = Y 1−N
[N−1∑
m=0
(−1)mY m
m!
− Ae−Y
]
(−1)N−1N ! (3.20)
Finally, the central can be expressed as
δc = 3Nα′. (3.21)
The explicit form of the scalar curvature, eq. (3.19), allows us to discuss the asymp-
totic behavior and the singularity structure of our class of solutions. First we recognize
that the 2N -dimensional Ka¨hler space has zero scalar curvature for Y →∞. Second, for
all N , the scalar curvature possesses a generic singularity for Y → −∞. Moreover, there
is another singularity at Y = 0 for N > 1 if A 6= 1. On the other hand, if A = 1, the
scalar curvature is regular at Y = 0 and becomes R(Y = 0, A = 1) = 2N .
For the simplest case, namely two-dimensional backgrounds with N = 1, the solution
(3.15) reproduces the well-known backrounds which correspond to the exact conformal
field theories SL(2, R)/U(1) and SU(2)/U(1) respectively depending on the choice of the
parameters A and B. Moreover the duality transformation (2.8) [18] exactly corresponds
to axial versus vector gauging of U(1) in the corresponding conformal field theory [9, 19].
Let us now consider four-dimensional backgrounds which are not direct products of
two-dimensional spaces. Specifically we consider solutions of the form eq. (3.15) with
N = 2. One has to emphasize that so far it is not known to us which exact supercoformal
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field theory might correspond to this type of backgrounds. Using Y together withe the
overall phase θ as (real) coordinates, the metric then reads:
ds2 =
(dY )2
4f(Y )
+
f(Y )
4
(
dθ − i
y¯dy − ydy¯
1 + yy¯
)2
+
Y
(1 + yy¯)2
dydy¯, f(Y ) =
2(Ae−Y + Y − 1)
Y
.
(3.22)
This metric in the (θ, ψ, φ) subspaces is a deformation of the fibration of S3 over S2,
whose line element is manifest in (3.22).
Now we will analyse the structure of the Euclidean manifold as a function of A and
B. We need some asympotics of the function f(Y ):
f(∞) = 2 , f(−∞) = −Sign[A]×∞ (3.23)
f(0+) = −f(0−) = Sign[A− 1]×∞ (3.24)
Since x2 must be positive, we are dealing with the following cases:
1) A > 1, B < 0. There are two manifolds, the first with Y ≥ 0, x2 > (1−A)/B with
signature (4,0) and a curvature singularity at Y = 0 and the second withY ≤ 0, (1 −
A)/B ≤ x2 ≤ −A/B with signature (0,4) and curvature singularities at Y = 0,−∞.
2) A = 1, B < 0. There is a regular Euclidean (4,0) manifold for Y > 0, x2 > 0 and a
singular (at Y = −∞) Eclidean (0,4) manifold for Y < 0, 0 ≤ x2 ≤ −1/B.
3) 0 < A < 1. In this case f(Y ) has a positive and a negative zero which we will
denote by Y±: f(Y±) = 0. For B < 0 there is again a regular (finite curvature) Euclidean
manifold for Y > Y+ with signature (4,0) and another with Y < Y− with signature (0,4)
and a curvature singularity at Y = −∞. For Y− < Y < Y+ and B > 0 there is another
singular manifold with signature (2,2).
4) A ≤ 0. In this case f has a single positive zero, Y+. For B < 0 and Y > Y+ we
have a regular manifold with signature (4,0). For B > 0 and Y < Y+ there is a singular
manifold with signature (2,2).
Applying eq. (2.8), the dual metric is given as
ds˜2 =
dψdψ¯
f(Y )
+
Y
(1 + yy¯)2
dydy¯, (3.25)
whereas the dual dilaton and antisymmetric tensor field are as follows Φ˜ = −1
2
log[eY f(Y )],
B˜ψy¯ = 2y/(1 + yy¯). The dual scalar curvature becomes
R˜ =
2Y 2(ff ′′ − f ′2) + f 2 + 4Y f
Y 2f
(3.26)
Thus, for the dual space, R˜ = 0 for Y → ∞, and there are curvature singularities
at Y = −∞, 0 and, for generic values of A at the zeros of f(Y ) (e.g. for A = −1, at
Y ≃ 1.3).
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4 Four-dimensional Non-Ka¨hlerian Spaces with Tor-
sion and their Duals
The discussion in the case of non-vanising antisymmetric tensor fields will be restricted
to the simplest non-trivial case, namely four-dimensional target spaces, i.e. m = n = 1.
In that case it can be shown that the solutions fall into three mutually exclusive classes
[4]:
i) Solutions whose quasi-Ka¨hler potential satisfies the ordinary Laplace equation,
(∂u∂u¯ + ∂v∂v¯)K = 0. (4.1)
and the dilaton field is simply given as
2Φ = logKuu¯ + constant. (4.2)
ii) Solutions with one isometry whose quasi-Ka¨hler potential satisfies
Kww = Kuu¯e
−Kw+c1(w+w¯)+c2 . (4.3)
in a special coordinate system and
2Φ = log(Kvv¯)− c1(w + w¯)− c2 (4.4)
ii) Solutions with two isometries whose quasi-Ka¨hler potential satisfies
Kwwe
Kw+c2(w+w¯) = Kzze
Kz+c1(z+z¯). (4.5)
in a special coordinate system, and
2Φ = logKzz −Kw − c1(z + z¯) + constant. (4.6)
In the above c1,2 are constants.
In the following we will focus on the solutions of case (i). Eqs.(4.1) and (4.2) imply
that δc = 0 and these backgrounds are expected to have N = 4 superconformal sym-
metry. This obeservation is consistent with the fact that eq.(4.1) is the generalization
of the hyper-Ka¨hler condition for spaces with antisymmetric tensor field. The form of
the dilaton field has the important consequence that the four-dimensional metric in the
Einstein frame is flat: GEinsteinµν = e
−2ΦGσµν = δµν . In fact, the solutions of the dilaton
equation (4.2) are the type II versions of the axionic solutions of [20]:
dΦ = ±
1
2
e−2ΦH∗. (4.7)
This relation is nothing else than the self-duality condition on the dilaton-axion field.
Its solutions are known as axionic instantons. All these solutions leave spacetime super-
symmetry unbroken. In particular it can be shown that one of the solutions in this class
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(which in its heterotic version was identified with a magnetic monopole background [21]),
turns out to be a dual of flat space [4].
The form of the solutions of the Laplace equation depends on the number of isometries
of the theory (which are compatible with the complex structure). In the case with two
translational U(1) Killing symmetries, i.e. K = K(u+ u¯, v+ v¯) the most general solution
of (4.1) looks like
K = iT (u+ u¯+ i(v + v¯))− iT¯ (u+ u¯− i(v + v¯)). (4.8)
In the case with one traslational isometry the general solution becomes
K(u+ u¯, v, v¯) = i
∫
dβT (β, v + β(u+ u¯)− β2v¯) + c.c. (4.9)
where in both (4.8), (4.9) T is an otherwise arbitrary function.
Let us now construct the dual spaces for the solutions of the Laplace equation with
one or two isometries, (4.8,4.9). We will perform a duality transformation on the chiral
U -field replacing it by a twisted chiral field Ψ. The Legendre transformed potential K˜
will only contain twisted fields and will be therefore a true Ka¨hler function leading to a
non-compact Ka¨hler space without torsion.
Doing the Legendre transform we obtain the following line element
ds2 =
1
Kuu
(dz −Kuvdv)(dz¯ −Kuv¯dv¯)−Kvv¯dvdv¯ (4.10)
where K(u + u¯, v, v¯) is the original quasi-Ka¨hler potential that satisfies the Laplace
equation Kuu + Kvv¯ = 0 and z, z¯ are the dual coordinates defined via the Legendre
transform z + z¯ = Ku. The coordinates v, v¯, z, z¯ are now the Ka¨hler coordinates. The
Laplace equation implies that the determinant of the Ka¨hler metric (4.10) is constant so
we obtain a Ricci flat Ka¨hler manifold. The dual dilaton is consequently constant.
The general solution to the 4-d Laplace equation with one isometry can be written
as in (4.9). Let us introduce the notation
< T >≡
∫
dβT (β, v + β(u+ u¯)− β2v¯). (4.11)
and the function
Z(u+ u¯, v, v¯) = Ku = i < β(Tv − T¯v¯) > (4.12)
and we should remember that z + z¯ = Z(u + u¯, v, v¯). Then the line element (4.10) can
be written in the form
ds2 =
1
G
(dz −Avdv)(dz¯ − A¯v¯dv¯) +Gdvdv¯ (4.13)
where,
G =
∂Z
∂u
, Av =
∂Z
∂v
, A¯v¯ =
∂Z
∂v¯
(4.14)
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The interpretation of the metric (4.13) is as follows: The Gdvdv¯ part describes the metric
of a 2-d Riemann surface (generically non-compact). The metric depends also on z + z¯.
For fixed z + z¯, Av, A¯v¯ describe a flat line bundle on the Riemann surface. The metric
(4.13) is that of a flat complex line bundle on the Riemann surface. The functions G,
Av, A¯v¯ are harmonic.
The metric (4.13) describes a large class of 4-d non-compact Calabi-Yau manifolds,
which are also hyper-Ka¨hler. The associated σ-models have N=4 superconformal sym-
metry and c = 6 (c˜ = 2). The manifolds have generically asymptotically flat regions as
well as curvature singularities.
Let us briefly display a simple example choosing
T = −iγ(β)eu+u¯+
v
β
−βv¯. (4.15)
Then the potential becomes
K = eu+u¯φ(v, v¯), φ(v, v¯) =
∫
dβγ(β)[e
v
β
−βv¯ + e
v¯
β
−βv]. (4.16)
In turn, the dual space is determined by the following Ka¨hler potential:
K˜ = (z + z¯) log(ψ + ψ¯)− (ψ + ψ¯) logφ(v, v¯). (4.17)
The intergral in (4.16) can be explicitly performed if we choose γ(β) = e
−A
β βν−1:
φ(v, v¯) = constant
(√
A− v
v¯
)ν
Kν(2
√
(A− v)v¯) + h.c. (4.18)
Here Kν is the Bessel function with complex argument.
Let us study now the (more symmetric) special case of (4.13) with two isometries,
i.e. K(u + u¯, v + v¯). If we paramertrize, u = r1 + iθ, v = r2 + iφ then K is of the form
K(r1, r2) = iT (r1+ir2)−iT¯ (r1−ir2). Introducing a new complex coordinate z = r1+ir2,
we can write the metric (4.13) in the following suggestive form
ds2 =
ImT
2
dzdz¯ +
2
ImT
(dθ + Tdφ)(dθ + T¯dφ) (4.19)
where T(z) is an arbitrary meromorphic function. It is crucial to note that the metric
(4.19) is not written in Ka¨hler coordinates. Such coordinates are v, v¯ and w, w¯ with
w + w¯ = iT ′(r1 + ir2)− iT¯
′(r1 − ir2) and w − w¯ = 2iθ.
Now the interpretation of the metric (4.19) is straightforward: If we take θ, φ to be
angular variables, then they parametrize a 2-d torus, with modulus T(z) which depends
holomorphically on the rest of the coordinates and conformal factor proportional to
1/ImT. The zeros and poles of the Riemann tensor are determined by the zeros and
poles (or essential singularities) of the function T(z).
This solution (with a different interpretation) was found in [22], where some global
issues were also addressed∗. We should note that as in [22] a full invariance under the
∗Some generalizations of this idea to more dimensions were recently presented in [23].
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torus modular group, T → T + 1 and T → −1/T can be implemented by a holomorphic
coordinate transformation in z, which will modify ImT to a modular invariant in the
first part of (4.19). It was also argued that such a metric might receive higher order
corrections. However we have just shown that this metric is the dual of the family of
wormhole solutions which are absolutely stable as CFTs due to their N=4 superconformal
symmetry and it does possess a hyper-Ka¨hler structure although not easily visible in this
coordinate system.
The 4-d non-compact CY manifolds presented in this section constitute a large class of
exact solutions to superstring theory with extended supersymmetry. A detailed analysis
of their structure as well as their potential Minkowski continuations is beyond the scope
of this work and is reserved for future study.
5 Conclusions
We have examined some four-dimensional superconformal theories with N=2 and N=4
superconformal symmetry (classical solutions to superstring theory). We show that there
exists a plethora of such theories with non-trivial metric, dilaton and antisymmetric
tensor field.
Our solutions are classified in two classes: (i) Those that are based on a Ka¨hler
manifold (when Hµνρ = 0). (ii) Non-Ka¨hlerian solutions with non-zero torsion. These
two subclasses are related by Z2 duality transformations (when isometries are present).
Z2 duality interchanges the roles of untwisted and twisted chiral superfields and act in a
manifest N=2 preserving fashion.
In the Ka¨hlerian case we show that the presence of a non-trivial dilaton field implies
the presence of an isometry in the background data (Ka¨hler metric and dilaton). Among
the Ka¨hlerian solutions we find a large class of (non-compact) Ricci-flat (CY) manifolds
with one isometry. This class of solutions generalizes the compact 4-d Ricci flat manifolds
(K3). A special case of the solutions above (with two isometries) is that of ref. [22] found
in a slightly different context. These CY manifolds are duals of non-zero torsion solutions
with N=4 superconformal symmetry.
Let us finally emphasize that it is a very interseting problem to find the exact N = 2
and N = 4 superconformal field theories which correspond to our general solutions. Upon
analytic continuation of the Euclidean solutions we expect to obtain many cosmological
solutions to superstring theory whose spacetime properties deserve further study.
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